Renormalization factors for three-and four-quark operators, which appear in the low energy effective Lagrangian of the proton decay and the weak interactions, are perturbatively calculated in domain-wall QCD. We find that the operators are multiplicatively renormalizable up to one-loop level without mixing with any other operators that have different chiral structures. As an application, we evaluate a renormalization factor for B K at the parameters where previous simulations have been performed, and find one-loop corrections to B K are 1-5% in these cases.
I. INTRODUCTION
Calculation of hadron matrix elements of phenomenological interest represents an inevitable application of lattice QCD. In the past decade much efforts have been devoted for the calculation of three-and four-quark hadron matrix elements relevant to the proton decay amplitude and the weak interaction ones using the Wilson and the Kogut-Susskind(KS) quark actions. However, the satisfactorily precise measurement of the matrix elements has not been achieved so far because of the inherent defects in these quark actions: the explicit chiral symmetry breaking in the Wilson quark action causes the non-trivial operator mixing between different chiralities and for the KS quark it is hard to treat the heavy-light cases due to the flavor symmetry breaking.
The domain-wall quark formulation in lattice QCD, which is based on the introduction of many heavy regulator fields, was proposed by Shamir [1, 2] anticipating superior features over other quark formulations: no need of the fine tuning to realize the chiral limit and no restriction for the number of flavors. Recent simulation results seem to support the former feature non-perturbatively [3] [4] [5] . It is also perturbatively shown that the massless mode at the tree level still remains stable against the quantum correction [6] . These advantageous features fascinate us to the application of the domain-wall quark for calculation of the threeand four-quark hadron matrix elements.
In order to convert the matrix elements obtained by lattice simulations to those defined in some continuum renormalization scheme(e.g., MS), we must know the renormalization factors connecting the lattice operators to the continuum counterparts defined in some renormalization scheme. In this article we make a perturbative calculation of the renormalization factors for the three-and four-quark operators consisting of physical quark fields in the domain-wall QCD(DWQCD). This work is an extension of the previous paper [7] , in which we developed a perturbative renormalization procedure for DWQCD demonstrating the calculation of the renormalization factors for quark wave function, mass and bilinear operators. We focus on whether or not the renormalization of the three-and four-quark operators in DWQCD is free from the notorious operator mixing problem. In the Wilson case it is well known that the mixing problem is not adequately manipulated by the perturbation theory, leading to an "incorrect" value for the B K matrix element. This paper is organized as follows. In Sec. II we briefly introduce the DWQCD action and the Feynman rules relevant for the present calculation to make this paper self-contained. In Sec. III our calculational procedure of the renormalization factors for the four-quark operators is described in detail. We also evaluate the renormalization factors for threequark operators in Sec. IV. In Secs. III and IV numerical results for one-loop coefficients of the renormalization factors are given with and without the mean field improvement. In Sec. V, using our results, we analyze a renormalization factor for B K . Our conclusions are summarized in Sec. VI.
The physical quantities are expressed in lattice units and the lattice spacing a is suppressed unless necessary. We take SU(N) gauge group with the gauge coupling g and the second Casimir C F = N 2 − 1 2N , while N = 3 is specified in the numerical calculations.
II. ACTION AND FEYNMAN RULES
We take the Shamir's domain-wall fermion action [1] ,
where n is a four dimensional space-time coordinate and s is an extra fifth dimensional or "flavor" index, the Dirac "mass" M is a parameter of the theory which we set 0 < M < 2 to realize the massless fermion at tree level, m is a physical quark mass, and the Wilson parameter is set to r = −1. It is important to notice that we have boundaries for the flavor space; 1 ≤ s ≤ N s . In our one-loop calculation we will take N s → ∞ limit to avoid complications arising from the finite
For the gauge part we employ a standard four dimensional Wilson plaquette action and assume no gauge interaction along the fifth dimension.
In the DWQCD the zero mode of domain-wall fermion is extracted by the "physical" quark field defined by the boundary fermions
We will consider the QCD operators constructed from this quark fields, since this field has been actually used in the previous simulations. Moreover our renormalization procedure is based on the Green functions consisting of only the "physical" quark fields, in which we have found that the renormalization becomes simple [7] . Weak coupling perturbation theory is developed by expanding the action in terms of gauge coupling. The gluon propagator can be written as
in the Feynman gauge with the infrared cut-off λ 2 , where sin 2 (k/2) = µ sin 2 (k µ /2). Quarkgluon vertices are also identical to those in the N s flavor Wilson fermion. We need only one gluon vertex for our present calculation:
where k and p represent incoming momentum into the vertex (see Fig. 1 of Ref. [7] ). T A (A = 1, . . . , N 2 − 1) is a generator of color SU(N). The fermion propagator originally takes N s × N s matrix form in s-flavor space. In the present one-loop calculation, however, we do not need the whole matrix elements because we consider Green functions consisting of the physical quark fields. The relevant fermion propagators are restricted to following three types:
with
where the argument p in the factors α and W is suppressed.
In the perturbative calculation of Green functions the external quark momenta and masses are assumed to be much smaller than the lattice cut-off, so that we can expand the external quark propagators in terms of them. We have the following expressions as leading term of the expansion:
where w 0 = 1 − M.
III. RENORMALIZATION FACTORS FOR FOUR-QUARK OPERATORS
We consider the following four-quark operators:
where γ L,R µ = γ µ P L,R . Summation over repeated indices such as µ and A is assumed. We note that q i (i = 1, 2, 3, 4) are boundary quark fields in DWQCD. For the convenience of calculation we rewrite the above operators as
where a, b, c, d are color indices, and ⊗, ⊙ represent the tensor structures in the color space:
To derive these formula, we have used the Fierz transformation for O ± and the formula
We calculate the following Green function:
where Γ = ±, 1, 2. Spinor indices are labeled by α, β, γ, δ and color ones by i, j, k, l. Truncating the external quark propagators from O Γ , where we multiply O Γ by ip / i + (1 − w 2 0 )m, we obtain the vertex functions, which is written in the following form up to the one-loop level
where the superscript (i) refers to the i-th loop level and the trivial factor (1−w 2 0 ) 4 is factored out for the convenience. We suppress the external momenta p i since the renormalization factor does not depend on them.
The tree level vertex functions Λ
Γ are given by
where ⊗ acts on the Dirac spinor space representing
The one-loop vertex corrections are illustrated by six diagrams in Fig. 1 , the sum of which yields the one-loop level vertex function
In order to obtain the expressions for the integrands I a Γ , . . . , I
c ′ Γ we should note that the internal quark propagators appearing in the diagrams are multiplied by the damping factor which comes from eqs.(12) and (13). The following formula are useful.
where F = e −α − W and F 0 = e α − w 0 . Here we set m = p i = 0 for the internal propagator. The contribution from Fig. 1a takes the form
where
, and the interaction vertices are
The color factors are represented by J AB a , which are listed in Table I . In a similar way the contributions from Fig. 1b and Fig. 1c are given by
After a little algebra the expressions of I a,b,c Γ are reduced to
In order to rewrite the second term of I b,c Γ we apply the Fierz transformation:
, and summation over ν is taken. The Fierz transformation is again used for the second equality. We omit the tensor term in eq.(44) since it vanishes in the integral. (36) and (37) we first consider the case of O ± . After simplifying the expressions of the color factors we obtain
The total contribution becomes
and
We should note that the other three contributions I Comparing the one-loop results to the tree level ones we obtain
for X = T, A V A , A SP . We remark that C F < T + A V A > and C F < T + A SP > correspond to the one-loop vertex corrections to the (axial) vector current and the (pseudo) scalar density which are expressed as (T V A − 1) and (T SP − 1) in Ref. [7] . The expressions of eqs. (52) and (53) 
The total contribution including those from Fig. 1a ′ , 1b ′ and 1c ′ is given by
Using the tree level result in eq.(26) the vertex function up to the one-loop level is expressed as
This result shows that the operator O 1 is multiplicatively renormalizable in DWQCD, which is in contrast with the Wilson case [8] .
In a similar way we write the vertex corrections for O 2 .
The total contribution including those from Fig. 1a ′ , 1b ′ and 1c ′ becomes
which leads to
We again find that the vertex correction is multiplicative up to the one-loop level as opposed to the Wilson case [8] . The contribution from the fermion self-energy has already been evaluated [6, 7] and the total lattice renormalization factor is now obtained:
The infrared singularity of < A X > is subtracted as
with c SP = 4 and c V A = 1. Numerical values of v Γ are evaluated by two independent methods. In one method the momentum integration is performed by a mode sum for a periodic box of a size L 4 after transforming the momentum variable through k µ = q µ − sin q µ . We employ the size L = 64 for integrals. In the other method the momentum integration is carried out by the the Monte Carlo integration routine VEGAS, using 20 samples of 1000000 points each. We find that both results agree very well. Numerical values of v Γ are presented in Table II as a function of M.
We have to also calculate the corresponding continuum wave-function renormalization factor and vertex corrections in the MS scheme employing the same gauge and the same infrared regulator as the lattice case. For the present calculation it seems preferable to choose Dimensional Reduction(DRED) as the ultraviolet regularization, in which the loop momenta of the Feynman integrals are defined in D < 4 dimensions while keeping the Dirac matrices in four dimensions. In the DRED scheme we can use the same calculational techniques for the vertex corrections as the lattice case thanks to applicability of the Fierz transformation for the Dirac matrices. For the wave-function renormalization factor a simple calculation gives
where µ is a renormalization scale. This result leads to Σ
For the vertex corrections we obtain
giving v
Here we should remark that the one-loop vertex corrections yield the evanescent operators which vanish in D = 4 for the DRED scheme [9] . It is meaningless to give results without mentioning the definition of evanescent operators, because the constant terms at the one-loop level depend on the definition of the evanescent operators. Our choice is as follows:
whereδ µν is the D-dimensional metric tensor which emerges inevitably in the evaluation of the Feynman integrals. Combining these results with the previous lattice ones we obtain
Numerical values of z Γ are given in Table III and the results for the mean-field improved one, z
M F Γ
, are also given in Table IV . Although the results for the DRED scheme are presented here, it is an easy task to obtain those for the Naive Dimensional Regularization(NDR) scheme. In Appendix B we summarize the finite parts of the wave-function renormalization factor and vertex corrections in the NDR scheme.
IV. RENORMALIZATION FACTORS FOR THREE-QUARK OPERATORS
The three-quark operators relevant to the proton decay amplitude are given by
The summation over repeated color indices a, b, c is assumed. We should note that the domain-wall fermion action (1) is transformed identically into that with the conjugated field by using transpose and matrix C. The resultant action and Feynman rules for the conjugated field is obtained by the replacement that
where the superscript T means the transposed matrix. In order to evaluate the vertex corrections we consider the following Green function:
where α, β, γ and i, j, k are spinor and color indices respectively. Truncating the external quark propagators of O P D we obtain the vertex function
where the trivial factor (1 − w 2 0 ) 3 is factored out for the convenience. We suppress the external momenta p i since the renormalization factor does not depend on them.
At the tree level the vertex function takes the form
The one-loop vertex corrections are shown in Figs. 2a, 2b and 2c, the sum of which gives the one-loop level vertex function
Using the notations in eqs. (29), (30) and (32) 
A little algebra yields
where K, T and A SP are given in eqs. (38), (39) 
for Γ X = P R or P L , therefore no Fierz transformation is necessary to simplify the spinor structure of the total contribution. Finally we obtain
Compared with the tree level result of eq. (83) we find that the vertex correction is multiplicative up to the one-loop level:
where < X > (X = T, A V A , A SP ) are defined in eq.(54). We remark that in the Wilson case O P D mixes with other operators which have different chiral structures under renormalization [10] . Taking account of the contribution of the wave function the lattice renormalization factor for O P D is expressed as
. Numerical values for v P D , evaluated as before, are given in Table II as a function of M.
The corresponding continuum renormalization factors in the MS scheme are calculated employing the DRED scheme as the regularization in the Feynman gauge with the fictitious gluon mass λ. The vertex correction for O P D is
giving v MS P D = δ P D . We remark that in this case the evanescent operator does not appear at the one-loop level.
Combining this result with the previous lattice one we finally obtain the relation between the operators O MS P D and O lat P D :
We present numerical values for z P D in Table III and those for the mean-field improved one, z Table IV .
V. RENORMALIZATION FACTOR FOR B K
As an application of results in the previous sections, we estimate a renormalization factor for the kaon B parameter B K , defined by
with q 1 = q 3 = s and
Denoting the renormalization factor between the continuum B K at scale µ and the lattice one at scale 1/a as Z B K (µa), we obtain
from eq. (77) in this paper, and
from Ref. [7] , so that
Note that z A in Ref. [7] is evaluated in the NDR scheme while the DRED scheme is used for z + in this paper. From the result in Appendix B we have
In Ref.
[3] B K has been evaluated at β = 5.85, 6.0 with M = 1.7 and β = 6.3 with M = 1.5, using domain-wall QCD with the quenched approximation. Here we explicitly calculate Z B K (µa) for these parameters. From Table III (1/a), estimated by the formula 1 g
for the quenched QCD with P being the average value of the plaquette, we have Z B K = 1.053 (1.029), 1.049 (1.026) and 1.030 (1.010) at β = 5.85, 6.0 and 6.3, respectively, in the DRED (NDR) scheme. Sizes of one-loop corrections for B K are not so large, 1−5%, at these β values even without mean-field improvement, since the large contribution, which comes from a (1 − w 0 )Z w factor, cancels out in the ratio of O + and A Note that there is no mean-field improvement factor for B K in actual simulations since, as mentioned before, it is defined by the ratio. Therefore the difference between values of Z B K with and without mean-field improvement comes from higher order ambiguity in perturbation theory.
Necessary informations for the analysis in this section are given in Table V , together with values of Z B K .
VI. CONCLUSION
In this paper we have calculated the one-loop contributions for the renormalization factors of the three-and four-quark operators in DWQCD. We have demonstrated that the three-and four-quark operators in DWQCD can be renormalized without any operator mixing between different chiralities as opposed to the Wilson case. This desirable property in DWQCD would practically surpass the cost of the introduction of an unphysical fifth dimension. The numerical values for the finite parts z X with X = ±, 1, 2, P D settle in reasonable magnitude with the mean-field improvement, while unimproved values are rather large in general.
In this work we do not treat the operators which yield the so-called "penguin" diagram. It seems feasible to carry out the calculation of their renormalization factors, which we leave to future investigation.
where v ij with i, j = 1, 2 is a matrix, which represents the mixing of the finite part for O 1,2 . The one-loop vertex corrections for O Γ (Γ = ±, 1, 2) require to specify their evanescent operators, which originates from the property that the Fierz transformation can not be defined in the NDR scheme. We employ
where D is the reduced space-time dimension. On the other hand, the evanescent operator does not appear in the one-loop vertex correction of O P D . For later convenience, values of the finite part of quark bilinear operators are also given here. For NDR scheme
while for DRED scheme
where the evanescent operators are
TABLES (Γ = ±, 1, 2). 
